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Consider the neutral equation with several positive and negative coefficients 
i x(r)+Cp,x(f-r,)-Cr,x(f-p,) +Cw(f---A=@ 
i 1 (1) I J K 
where I, .I, and K are initial segments of natural numbers, p,, T,, r,, p,, qk are 
positive numbers, and rrk 3 0 for ie I, Jo J, and k E K. Then a necessary and 
sufficient condition for the oscillation of all solutions of (1) is that its characteristic 
equation 
l+l~p,e-*‘~-I~r,e~‘p~+~q,e~““k=O 
I .I K 
has no real roots. 8 1988 Academx Press, Inc. 
1. INTRODUCTION 
Neutral delay differential equations are differential equations in which 
the highest order derivative of the unknown function appears with the 
argument t (present state) as well as one or more retarded arguments (past 
histories). 
Consider the first order neutral delay differential equation with several 
positive and negative coefficients 
g x(r)+CpjX(t-7i)-CrjX(t-Pj) 
[ 
+CqkX(t-dk)=O, (1) I J 1 K 
where Z, .Z, and K are initial segments of natural numbers, pi, TV, rj, pj, qk 
are positive numbers, and CT~ 2 0 for i E Z, j E .Z, and k E K. In the case where 
Z= @ or J= @ or both Z= @ and J= 0, differential equations of the 
following special forms are included respectively: 
$ X(t)-CrjX(t-pj) 
[ 
+CqkX(t-Ok)=O, 
J 1 K 
-$ X(~)+~pix(t-ti) +CqkX(t-dk)=O, 
[ I 1 K (lb) 
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and 
295 
x’(t) + c qkX( t - ok) = 0. 
K 
Also in the case where K= @ Eq. (1) yields 
(lc) 
$ x(t)+Cpix(t-zi)-p-jx(t-pj) 
[ 
=o 
I J 1 
and there exists a (nonoscillatory) solution of the form x(t) = c, c a 
constant. We therefore assume that K# 0. 
Our aim in this paper is to obtain a necessary and suhicient condition 
under which all solutions of Eq. ( 1) (and therefore all solutions of 
Eqs. (la), (lb), and (1~)) oscillate. Indeed, we prove that every solution of 
(1) oscillates if and only if its characteristic equation 
F(~)~~+ICpie-““-IZCrje-pJ+Cqke-nak=O (2) 
I J K 
has no real roots. That is, the oscillatory character of the solutions is deter- 
mined by the roots of the characteristic equation. This is in contrast with 
the fact that the stability character is not determined by the characteristic 
roots. In fact, there are examples (see [2, 3, 9, 10, 15, 163) of neutral 
equations with all the characteristic roots in the negative half-plane and yet 
the equation has unbounded solutions. 
In the case of the neutral equation of the special form 
-$ [x(t)+px(t-r)]+qx(t-a)=O, (3) 
where t, q, CTER+ and p E R, the above result was proved by Slicas and 
Stavroulakis [ 141. Also the same result for Eq. (3) was proved by Grove et 
al. [8] in the case where p, r, q, 0 E I& For the equation of the form 
-$ Cx(t)+px(t-z)] + i qix(t-oai)=O, 
i=l 
where p E R, r > 0, qi > 0, and ci > 0 for i = 1,2, . . . . k, the above result was 
proved by Kulenovil: et al. [ 111. For Eq. (lc) the result is due to Tramov 
[17]. For a simple proof see Ladas et al. [13]. Sufficient conditions for 
oscillations of first order neutral equations are given in [6, 7, 121. 
The problem of asymptotic and oscillatory behavior of solutions of 
neutral delay differential equations is of both theoretical and practical 
interest. Note that equations of this type appear in networks containing 
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lossless transmission lines. Such networks arise, for example, in high speed 
computers where lossless transmission lines are used to interconnect 
switching circuits (see [2, 151). 
Let (PE C([t,- T, to], R), where toe R and T=maxi,j,k{ri, pi, ok}. By a 
solution of (1) with initial function rp at t,, we mean a function 
x~C([t,-T, co), R) such that x(t)=cp(t) for t,-T<t<t,, x(t)+ 
C, pix( t - ti) - CJ rjx( t - p,) is continuously differentiable for t 2 t,, and x 
satisfies (1) for all t > t,. Using the method of steps, it follows that for 
every continuous function rp, there exists a unique solution of (1) valid for 
t > t,,. For further questions on existence, uniqueness, and continuous 
dependence, see Driver [4,5], Bellman and Cooke [ 11, and Hale [lo]. 
As is customary, a solution is called oscillatory if it has arbitrarily large 
zeros. Otherwise it is called nonoscillatory, that is, if it is eventually positive 
or eventually negative. 
In the sequel all functional inequalities that we write are assumed to hold 
eventually, that is for all sufficiently large t. 
In the case where I# 0, J# 0 we can assume without loss of generality 
that 
z= { 1, 2, . ..) I}, J= {1,2, . ..) m}, K= { 1, 2, . ..) n}, 
0 < t, < 72 < . . ’ < TI, o<p,<pz< ... <Pm, 
and 
O<a,<a,< ‘.. <an, 
and 
‘i#Pj for ieZ and ~EJ 
since otherwise the terms in the brackets of (1) can be abbreviated. Also for 
convenience we use the notations 
I, = {iEI: 7i>p,), I,= {iEZ: ziGpI], 
J,= {jEJ:pj<T/}, J,= {jEJ:pj>q}, 
K,= {k~K:a~<q}, K2= {k&a&t,}, 
K,= {kEK:ak>pl}, K4= {kEK:ak<pl}, 
and 
p’C Pi, pl = 1 Pi, R=xr,, RI = 1 rp 
I I !  J JI 
Q=hc, Q,=h-3 Qs=h 
K KI K3 
From the above definition it is clear that 
z=z, uz,, J=J1uJ2, K,uKz=K=K,uK,. 
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2. SOME USEFUL LEMMAS 
In this section we establish some useful lemmas which will be used in the 
proof of our main theorem. 
LEMMA 1. Let x(t) be a solution of (1) and let a, /3, and y be real 
numbers. Then each one of the functions 
x(t- a), j’-‘x(s) ds, and l,m x(s) ds for x(t) E Ll[t,,, CO), 
l-8 
is a solution of (1). 
Proof: The conclusion follows easily and it is a consequence of the 
linearity of Eq. (1) and its autonomous nature. 
LEMMA 2. Let x(t) be a nonoscillatory solution of (1). Then it also has a 
nonoscillatory solution w(t) such that either 
w(t)>O, ti(t)<o, G(t)>o, and lim w(t)= lim G(t)=0 
t-m r-m 
(Class I) 
or 
w(t)>O, a(t)>o, G(t)>O, and lim w(t)= lim ti(t)=co 
r-m ,-CC 
(Class II) 
Proof: Without loss of generality x(t) can be considered eventually 
positive. Set 
and 
z(t) = x(t) + 1 pix( t - zi) - C rix( t - pj) 
I J 
W(t) = Z(t) + 1 piZ( t - Ti) - 1 rjZ( t - pj)* 
I J 
Then, by Lemma 1, z(t) and w(t) are both solutions of (1). Furthermore 
z E C’ [to, co), w  E C2[ to, cc ), and they are eventually strictly monotone 
functions. We have 
i(t) = - 1 qkX( t - ok) < 0 
K 
PC(t) = -c qkZ(t - ok) 
K 
(4) 
(5) 
505/76/2-7 
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and 
G(t) = - 1 qki( t - CJk) > 0. (6) 
K 
From (4) it follows that z(t) is strictly decreasing and so either 
lim z(t) = - co (7) ,-CT2 
or 
lim z(t) = L E R. (8) ,-CC 
Assume that (7) holds. Then (5) leads to 
lim k(t) = cc 
l--Co 
which implies that w(t) > 0 and lim, _ co w(t) = 00, that is, w(t) belongs to 
Class II. 
Next, assume that (8) holds. Then 
)i\ $ Z(t)+CpiZ(t-ri)-CrjZ(t-Pj) 
( [ I) 
= lim 
t-u2 
(-;qkz(l-rTk)):-QL. 
K 
First we will prove that L = 0. For otherwise 
lim 
[ 
z(t)+~p,~(t-z~)-~r~z(t-~~) = 11 +z’ if L>O t-m I J 7 if L<O 
which contradicts (8). Thus we have established that i(t) < 0 and 
lim, + m z(t) = 0. This implies that z(t) > 0 and from (5) we see that 
k(t) < 0. By the definition of w(t) it follows that lim, _ m w(t) = 0 which 
together with G(t) e 0 imply that w(t) > 0. Clearly, lim, _ oD G(t) = 0, for 
otherwise lim, _ m k(t) < 0 which contradicts the fact that w(t) > 0. 
Therefore in this case w(t) belongs to Class I. The proof is complete. 
Note. In the special cases of Eqs. (lb) and (lc) it follows that Class II is 
empty. 
LEMMA 3. Consider Eq. (1). If the characteristic equation (2) has no real 
roots then 
rI<max{p,, a,>. (9) 
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Proof: Since F(co)= co, F(0) = Q>O, and (2) has no real roots, it 
follows that F( - co) must be positive or + co. But if pm < r, and a,< T, 
then F( - co) = - 00. Moreover by our assumption r, # pm and therefore 
t,a max{p,, on} implies that (2) has a real root. This is impossible and 
the proof is complete. 
Note. In the case of Eq. (lb) the (necessary) condition (9) becomes 
=I<fJn (10) 
while in the cases of Eqs. (la) and (lc) the corresponding characteristic 
equation has no real roots. 
LEMMA 4. (a) Let x(t) E Class I. Then there exists a solution w(t) of 
(1) which belongs to Class Z, such that the set 
A’(w)= (h-0: ti(t)+nw(t)~o}#@. 
(b) Let x(t) E Class ZZ. Then there exists a solution w(t) of (1) which 
belongs to Class ZZ, such that the set 
A-(w)= {1>0: - ti( t) + Aw( t) < 0) # 0. 
Proof: (a) Let x(t) E Class I. Set 
where T=rna~~,~,~{r~, pi, crk}. It is easy to see that w(t) is a solution 
of (1) which belongs to Class I and that k(t) = -CK qkx(t - T) or 
ti( t) + Qx( t - T) = 0. Now, since x(t) is positive and decreasing, (11) yields 
w(t)<x(t-T)+Px(t-T)+Cq,(T-bk)x(t-T)~(1+P+QT)x(t-T). 
K 
Thus 
Q 
O=ti(t)+Qx(t-T)3*(t)+l+P+QT w(t) 
which says that 0 < Q/( 1 + P + QT) E A +(w), that is, A +(w) # 0. 
(b) Let x(t)EClass II. Set 
W(t)=-X(t)--CPiX(t--ti)+CrjX(t-Pj) +Cqaf,I:kX(S)dS, (11)’ 
I J K 
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where y = mini,j,k{ri, pj, ok}. It is easily seen that w(t) is a solution 
of (1) which belongs to Class II and that G(t) = CK qkx(t -7) or 
-G(t) + Qx(t - y) = 0. Now, since x(t) is positive and increasing, (11)’ 
yields 
w(t) < Wt - Y) + 1 q/da, - Y) x(t - Y) 
K 
~R+Cq,a,x(t-y)<(R+Qa,)x(t-r). 
K 
Thus 
Q 0= -ti(t)+Qx(t-y)2 -4t)+R+Qo, ~ w(t) 
which implies that 0 c Q/(R + Qa,) E ,4 - (w), that is, A - (w) # 0. The 
proof of the lemma is complete. 
LEMMA 5. (a) Let x(t)E Class Zfor which the set A’(x)# 0. Iffor a 
given o > 0 there exists A4 > 0 such that x(t) > Mx(t - o), then the number 
1, > 0 which satisfies e-+ = A4 is an upper bound of A’(x). 
(b) Let x(t) E Class ZZ for which the set A -(x) # 0. Zffor given w  > 0 
there exists M > 0 such that x(t) < A4x( t - w), then the number 1, > 0 which 
satisfies eAoo = M is an upper bound of A - (x). 
Proof (a) Otherwise 2, E A +(x) which means that x(t) + &x(t) 6 0; 
that is, (e”“‘x(t))‘< 0 and therefore the function e”O’x(t) is decreasing. Thus 
e”O’x( t) d e.locreW)x( t - w) 
or 
x(t)Ge-“O”‘x(t-w)=Mx(t-o) 
which is a contradiction and the proof in case (a) is complete. 
(b) Otherwise I, E A I which implies that -R(t) + &x(t) < 0; that 
is, (e -““‘x(t))‘>0 and therefore the function e-“O’x(t) is increasing. Thus 
eF”O’x(t) 2 e-4(‘-o)x(t - 0) 
or 
x(t) 2 e*x( t - 0) = Mx( t - co), 
a contradiction, which completes the proof in case (b). 
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LEMMA 6. Assume that t, c max{p,, o,}. Then we have the following: 
(a) Let x(t) E Class I for which A’(x) # 0. Then the set A’(x) has 
an upper bound which is independent of x. 
(b) Let x(t) E Class ZZ for which A-(x) # 0. Then the set A-(x) has 
an upper bound which is independent of x. 
Proof (a) Let x(t) E Class I. Set 
z(t) = x(t) + C pix( t - zi) - 1 rjx( t - pi) (12) 
I J 
which also belongs to Class I. Because of the assumption, we consider the 
following two cases: 
Case 1. Pm > tl. Then, taking into account that x(t) E Class I, we have 
O<x(t)+Cp,x(t-si)-Crjx(t-pj) 
I J 
C X( t - 7,) + C piX( t - 7,) - rmx( t - /I,) 
<(l +P)x(t-z,)-r,x(t-p,). 
Thus, 
x( t - 7,) > +px(t-bJ or x(t) > &+(Pm-7d. 
In this case, by Lemma 5(a), the positive number 
I,= l l+P -log-
~~-7~ rm 
is an upper bound of A +(x). 
Case 2. cr, > r,. From (1) and (12), we have 
i(t)+Cqkx(t-ok)=0 or i(t) + qnx( t - 6”) < 0. 
K 
Integrating the last inequality from t - +(cn - 7/) to t, we obtain 
zCt - 4(0” - z,)l> fqn(an - 71) x(r - 0,) 
or 
(13) 
z(t) > t4n(~n - 7,) xCt - fJn + tcon - 7,)l. 
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But also from (12), we have 
(1 + P) x(t - 5,) > z(t) 
and combining the last two inequalities, we obtain 
x(t) ’ 4n(an - 7,) 
2(1+ P) 
x 
[ 
+,-7,) . 
I 
As before, the positive number 
I,= 2 - log 
2(1+P) 
~,---I t?n(~n - 7I) 
is an upper bound of /i +(x). 
(b) Let x(t) E Class II. Set 
z(t) = -X(t) - 1 piX( t - 7i) + C rjX( t - pj) 
I .I 
which also belongs to Class II. Since z(t) > 0, we have 
(14) 
(12)’ 
X(t) + C PiX( t - 7i) < C rjX( I - /lj) 
I J 
and, taking into account that x(t) is positive and increasing, the last 
inequality yields 
Then, by Lemma 5(b), the positive number 
is an upper bound of n - (x). 
Remark. In the cases of Eqs. (la), (lb), and (lc) the above Lemmas 
and also the main Theorem are modified appropriately. For example, in 
the cases of Eqs. (lb) and (lc) Class II is empty and therefore case (b) does 
not appear in Lemmas 4, 5, 6, and in the proof of the following main 
Theorem. On the other hand the proofs remain the same by modifying 
appropriately (11) and (ll)‘, (12) and (12)‘, (15) and (22). 
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3. MAIN RESULT 
Our main result is the following: 
THEOREM. Consider the neutral equation with several positive and 
negative coefficients 
$ x(t)+CPix(t-ti)-CrjX(t-rj) +CqkX(t-CIk)=O, 
[ 1 (1) I J K 
where I, J, and K are initial segments of natural numbers, pi, zi, rj, pi, qk are 
positive numbers, and ok 2 0 for i E I, j E J, and k E K. Then a necessary and 
sufficient condition for the oscillation of all solutions of (1) is that its 
characteristic equation 
l+;i~pie-““-~~rje-“~j+~qke-“ak=O 
I J K 
has no real roots. 
Proof The theorem will be proved in the contrapositive form: there is a 
nonoscillatory solution of (1) if and only if the characteristic equation (2) 
has a real root. Assume first that (2) has a real root. Then (1) has the 
nonoscillatory solution x( t ) = e*‘. 
Assume, conversely, that there is a nonoscillatory solution of (1) and, for 
the sake of contradiction, that Eq. (2) has no real roots. Then, by 
Lemma 2, it also has a nonoscillatory solution x(t) which belongs either to 
Class I or to Class II. We consider the following cases. 
(i) The case x(t) E Class I. For this solution x(t), by Lemma 4(a), we can 
assume without loss of generality that ,I +(x) # 0. Let &E n’(x). Also, 
by Lemma 6(a), there is a positive number, say A,, such that /i+(x) is 
bounded above by I,. 
Let 1 E n +(x) and consider the function 
u(t) E TX = x(t) + 1 piX( t - Ti) - C rjx( t - pj) 
I J 
By Lemma 1, u(t) is a solution of (1) and it can be easily seen that 
u(t) E Class I. 
Since Eq. (2) has no real roots and F( co) = F( - cc) = co it follows that 
m = min F(1) > 0. 
J.eu-4 
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That is, for all ;1 E R 
I+~Cpie~““-~Crje~“pJ+Cq,e~i,“k3m 
I J K 
and replacing A by -i, we obtain 
(16) 
-A- 21 pie”“+ 11 r,e@J +C qkeAak am 
I J K 
or 
A+ 11 pie”,-- A 1 rjeApJ - C qkeAor < -m. 
I J K 
(16)’ 
We will show that 1+ p E ,4 + (u) where p = m/( 1+ eh*‘(P + R, + Ql/&)) 
> 0. To this end it sufices to show that 
Define cp( t) = e”‘x( t). Then 
cp'( t) = [x'(t) + Ax(t)] eAr < 0 
and therefore q(t) is decreasing. From (1) and (15) and the fact that x(t) is 
a solution of (1 ), we obtain 
C(t)= -~qkx(t-~k)-~qkx(t-t,)-A~rjx(t-~,) 
K KI JI 
= -~srx(r-~*)-~q~x(t-~,)-Q,x(t-r,)-i.R,x(r-r,). 
(17) 
Also from (15), we have 
U(t) = X(t) + C piX(t-Tj)-C rjx(t-Pj)-C rjx(t- Pj) 
I JI J2 
Now for L E LI +(x) with II > I, and taking into account (17), (18), and the 
fact that x(t) = e-“‘q(t), we have 
OSCILLATIONS OF NEUTRAL EQUATIONS 305 
C(f) + (A + 11) 41) 
=e -Al -1 qkeAakq(t - ok) - 1 qke”“‘cp(t - ck) 
Kl Kl 
-Q,e”“cp(t-7,)-IR,e”“cp(t-7,) 1 
+(1+/i) $7(t)+CpieATi(p(t-7i) 
[ I 
- C rjeipvp( t - pi) - C rje”%p( t - pi) 
JI J2 11 
+(A+PL) ~qk~,~~,e-"'Q(~)~~+~~rj~~l~,e-""m(s)ds]. 
[ JI 
Using the fact that q(t) is decreasing and taking into account the definition 
of K, , K2, J1, Jz, we obtain 
(19) 
(20) 
(21) 
Integrating the inequality z?(t) + Ax(t) < 0 from t - By to 03 and taking into 
account that lim, ~ ra x(t) = 0, we have 
-x(t-GQ+ly x(s)ds<O. 
t--ak 
Thus 
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and therefore for the quantity in (19), call it A,, we have 
A, 6&k Jr-” Lee’“q(s) ds<eei.‘cp(t--z,) 1 qk(e’r’-e’u’k) 
Kl I-r, KI 
=e pi’~(t-~r) Q,eATf-Cqke’ok . 
> 
(19)’ 
Kl 
Similarly, for the quantity inside the brackets in (20), call it A,, we have 
=e 
le-hl”cp(s) ds < e-“‘cp(t - t,) 1 rj(e”‘- e”“) 
JI 
Also in (21) 
(20)’ 
Using the above inequalities (19)‘, (20)‘, and (21)‘, we have 
C(t) + (A+ PL) u(t) 
<e-“‘cp(t--7,) 1+JCp,e’*i--J 
I 
e”“!+ + C qkeluk 
K2 )I 
(~rje~~+~rje~~)+R,e’T’+Q,$]} 
Jl 52 
and, in view of (16)‘, 
which implies that I, + p E ,4 + (u). Now set 
xgzx, X,=TX()-U 9 x2= TX,, and in general x, = TX, _, , 
n = 1, 2, . . . 
OSCILLATIONS OF NEUTRAL EQUATIONS 307 
and observe that for ~E/~+(x)~:+(x,)~;~+~LE+(u)~A+(~~) and 
after n steps il + np o n + (x,), n = 1, 2, . . . . which is a contradiction since I, is 
a common upper bound for all n +(x,). This completes the proof in 
case (i). 
(ii) The case x(t) E Class II. By Lemma 4(b) we can assume that 
K(x)# 0. Let IZ,EK(X). Also, by Lemma 6(b), there is a positive 
number, say A,,, such that /1-(x) is bounded above by 1,. Let I E n-(x) 
and consider the function 
u(t)= -x(t)-~p,x(t-Ti)+~rjX(t-pj) 
I J 
+ C qK f,L-“’ x(S) dt3 + IL 1 pi [,L-” X(S) dS + C, (22) 
4 11 
where C=(l/Q)(Q,+n~,)[-x(to)-~,pix(t,-zi)+C,rjx(to-pj)]. It 
can be easily seen that u(t) is a solution of (1) which belongs to Class II. 
As in case (i), m-min,, F(I)>O. We will show that ~+PE~-(x), 
where p = m/2(R + P, + Q, /A,) > 0. It suffices to show that 
-ti(t)+(n+p)u(t)<o. 
Define cp( t) = e-“‘x( t). Then 
q’(f) = [X’(t) - Ax(f)] eCAr> 0 
and therefore q(t) is increasing. From (1) and (22), we obtain 
-‘tt)= -CqkX(t-~k)-CqkX(t-P1)-~CPiX(t-P1) 
K KI II 
= -~q,x(r-a,)-~q,x(t-~,)-Qelx(t-p,)-1P,x(t-p,).(23) 
Also, from (22), we have 
u(t)= -x(t)-~pix(t-~,)--~pp,x(t-zi)+~rjx(t-pj) 
4 h .I 
(24) 
Now for 1 E n-(x) with 12 I, and taking into account (23), (24), and the 
fact that x(t) = e”cp(t), we have 
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-C(t) + (2 + p) u(t) 
=eir -Cq,e 
i[ 
-“““cp(t--a,)--qgke~~“k~(t-~k) 
K3 K4 
- Q3e -i.“‘cp(t-P,)-~P,e-~P’cp(t-p,) 1 
+(l+p) -cp(f)--Cpie-““cp(t-zi) 
[ II 
- 1 pie-““cp(t - zi) + C rje-“pjcp(t - pi) 
12 J 11 
Using the fact that q(t) is increasing and taking into account the definition 
of K,, K4, I,, Z,, we obtain 
-ti(t)+(A+p)o(t) 
de”cp(t-p,) -Cqke-a6k-Q3e~~P1--P,e-~P1 
[ 
+(i+p)(-l~~ylr-~‘l+~r*~‘~)] 
12 J 
+ -e”‘~qke~‘“*q(r-lrk)+~~qkj~~-“e”~(s)ds] 
[ 
+(A+p) --e”‘~pie-““~(t-~~)+iCpi jt~-“eAscp(s)ds] 
[ II 
+&?kl;-” Is e rp(s)ds+(A+p)C. 
K3 
(25) 
(26) 
(27) 
Integrating the inequality -a(t) + Ax(t) d 0 from t, to t - ok and taking 
into account that x(t) > 0, we have 
-x(t-co,)+2 j'-ukx(s)drso. 
10 
Thus 
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and therefore for the quantity in (25), call it B,, we have 
=e”‘q(t-p,) Qse-“PL-~qke-Luk . 
> 
(25)’ 
K3 
Similarly, for the quantity inside the brackets in (26), call it BZ, we have 
Also in (27) 
s 
r--P1 
e”“cp(s) ds< q(f--p,)i (e’(‘-P’)-e*ro)~~e”rp(t -pl) ecApL. (27)’ 
IO 
Using the above inequalities (25)‘, (26)‘, and (27)‘, we have 
-ti(t)+(A+p)u(t) 
~e~‘~(~-,,,{[-~-i(~p~~-~71+~pie-~7i) 
+ACrje-‘*J- Cqke~‘“k+Cqke-abk 
J ( K3 K4 )I 
+ p 
[ ( 
- 1 - C pie-““+ C pie--lri 
4 
d’- 
) 
+~r,e~Ap~+p,e~“P1+-;i!e ‘PI II +u+P)c J 
and, in view of (16), 
-C(t) + (A+ ,u) u(t) 
=eAP’x(t--p,) -m+p(R+P,+Q.ln)e-‘~t+(i+p)e-‘~lx(~”,I, . 1 
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As lim,, o. x(t) = co, it follows that for t suffkiently large 
-m+(l+p)ep”P1 
c 
6 -m. 
x(t-P1) 2 
Thus 
-zi(t)+(A+p)~~(t)<e~Plx(t-pI) -~+p(R+P,+Q,/A,) =0 1 
which implies that I + ,U E/~-(U) and, as in case (i), we are led to a contra- 
diction. 
The proof of the theorem is complete. 
Note. After this paper was written, we were informed that special cases 
of Eq. (1) were studied by S. W. Schultz (private communication). 
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